ABSTRACT. In this paper we survey various results involving Fourier-Wiener transforms, Fourier-Feynman transforms, integral transforms and convolution products of functionals over function space that have been established since Cameron and Martin first introduced Fourier-Wiener transforms in 1945.
Introduction.
In a 1945 paper [7] , Cameron defined a transform of a function which was somewhat analogous to the Fourier transform of a function. Since then, many results based on (or inspired by) this definition have appeared in the literature. In fact, research based on this definition is continuing at the present time; more than 55 years later. Our goal in this survey article is to discuss those results, of which we are aware, whose roots can be traced back to the pioneering work of Cameron It is well known that, for f ∈ L 2 (R), F(f )(u) = l. i. m.
exists and is an element of L 2 (R). In addition,
exists and belongs to L 2 (R). In addition, the following properties hold 
and Parseval's relation holds in the form (2.7) Definition 3.1. Let F be a functional which is defined throughout K and is such that 
is called the inverse Fourier-Wiener transform of F .
In [8] , Cameron and Martin defined three large classes of functionals on K and showed that if F is a member of any of these classes, then F(F ) exists and belongs to the same class. In addition, they showed that
and that
Furthermore, they established the following form of Plancherel's relation, (3.5)
as well as the following form of Parseval's relation,
Next, we briefly describe two of the three classes of functionals considered in [8] . The first class E m is the class of functionals F : K → C which are mean continuous, i.e., continuous in the Hilbert topology, entire, and of mean exponential type. That is to say, E m is the class of all functionals F : K → C satisfying the three conditions (3.7)
and there exist positive constants A and B only depending on F , such that
The second class E 0 consists of functionals on K of the form
where Φ(z 1 , . . . , z n ) is an entire function of exponential type satisfying
and α 1 (t), . . . , α n (t) are n linearly independent R-valued functions of bounded variation on [0, T ].
In [8] , Cameron and Martin first showed that (3.3) (3.6) hold for all functionals in E 0 . Then, using the fact that the elements of E 0 are dense in E m , they proceeded to show that (3.3) (3.6) hold for all functionals in E m .
In [10] , using the Fourier-Hermite development from [9], Cameron and Martin showed that the functionals in E m above are dense in
. Then, in order to simplify Plancherel's relation and Parseval's relation, they modified their definition of the Fourier-Wiener transform slightly by letting
. Furthermore, they showed that equations (3.3) and (3.4) are valid provided that
In addition, they established Plancherel's relation (3.12)
and Parseval's relation (3.13)
In Theorem 2 of [51], Segal wrote down the expression
which is an abstraction to a Hilbert space setting of equation (3.11) above. In fact, in footnote (5) [52] defined the convolution product of two functionals, F 1 and F 2 , on K by the formula
whenever it exists. Yeh showed that, if F 1 and F 2 were both in E m or if F 1 and F 2 were both in E 0 , then (F 1 * F 2 )(y) exists for every y ∈ K and satisfies the relationship
for all y ∈ K. As far as we know, this was the first result connecting the Fourier-Wiener transform and the convolution product in function space.
In 1995, Yoo [53] extended Yeh's results to abstract Wiener spaces. He also obtained Plancheral's relation and Parseval's relation corresponding to (3.5) and (3.6) for abstract Wiener spaces.
In his Ph.D. thesis [3] , written under the direction of Cameron, Bridgeman extended the results in [8] to larger classes of functionals. In addition, for appropriate functionals F and G defined on K, he established the formula
for all y ∈ K, that is to say,
where the convolution product of the functionals F and G was defined by the formula
Note that, for the convolution product used by Bridgeman, (F * G)(y) = (G * F )(y), whereas for the convolution product used by Yeh and Yoo, see equation
In [3] , Bridgeman also obtained equations (3.3) through (3.6) for his extended classes of functionals on K. Because of the measurability problems, in [11] and in [35] all of the functionals F on Wiener space and all of the functions f on R n were assumed to be Borel measurable. Unfortunately, one cannot avoid all scale change pathologies by restricting attention to Borel measurable functionals F . In [11, pp. 5 7], Cameron and Storvick exhibit two Borel measurable functionals F and G which agree except on a Wiener null set and yet their Fourier-Feynman transforms are unequal almost everywhere on Wiener space. In [36, p. 170] (incidentally, much of the motivation for writing the manuscript [36] was the measurability problems encountered in [11, 35] ), Johnson and Skoug pointed out that the concept of scale-invariant measurability in Wiener space together with Lebesgue measurability in R n is precisely correct for the analytic Fourier-Feynman transform theory. Thus, in this survey, we will phrase the results of [11, 35] in the context of scale-invariant measurability.
A subset E of C 0 [0, T ] is said to be scale-invariant measurable, s.i.m., [36] provided ρE ∈ M for each ρ > 0, and an s.i.m. set N is said to be scale-invariant null provided m(ρN ) = 0 for each ρ > 0. A property that holds except on a scale-invariant null set is said to hold scaleinvariant almost everywhere (s-a.s.). If two functionals F and G are equal s-a.e., we write F ≈ G.
Let C, C + and C ∼ + denote respectively the complex numbers, the complex numbers with positive real part and the nonzero complex numbers with nonnegative real part. Let F be a C-valued scale-
exists as a finite number for all λ > 0. If there exists a function J * (λ) analytic in C + such that J * (λ) = J(λ) for all λ > 0, then J * (λ) is defined to be the analytic Wiener integral of F over C 0 [0, T ] with parameter λ and for λ ∈ C + we write
Let q = 0 be a real number, and let F be a functional such that
exists for all λ ∈ C + . If the following limit exists, we call it the analytic Feynman integral of F with parameter q and we write
where λ → −iq through C + .
Notation. (i) For
(ii) Given a number p with 1 ≤ p ≤ +∞, p and p will always be related by 1/p + 1/p = 1.
(iii) Let 1 < p ≤ 2, and let {H n } and H be scale-invariant measurable functionals such that, for each ρ > 0,
Then we write
and we call H the scale invariant limit in the mean of order p . A similar definition is understood when n is replaced by the continuously varying parameter λ. Next we state the definition of the L p analytic Fourier-Feynman transform [35] .
Let q = 0 be a real number.
whenever this limit exists. We define the
for s-a.e. y. We note that,
Remarks. (i) In view of (5.4) it would seem natural and desirable to define T 
Unfortunately, (5.6) doesn't even hold for any ρ > 0 for a functional as simple as
(ii) T (2) q (F ) agrees with the L 2 analytic Fourier-Feynman transform as given by Cameron and Storvick in [11] .
(iii) The definition of T (1) q (F ) given above by (5.5) is more restrictive than that given by Brue in [4] in that (5.5) must hold s-a.e. rather than just a.e. However all of Brue's results actually hold in this stronger sense.
In [4] Brue showed the existence of T In [11] Cameron and Storvick obtained the existence of T (2) q (F ) for several large classes of functionals F on Wiener space. In particular, they showed that if Φ(z) = ∞ n=0 a n z n is an entire function of order less than four and if
q (F ) exists and T
q (F )) ≈ F for all real q = 0. In particular, note that 6. Fourier-Feynman transforms and convolution products since 1990. Except for paper [44] which we will discuss in Section 7 below, we aren't aware of any papers in the literature which mention the Fourier-Feynman transform after paper [14] which appeared in 1985 and before paper [28] which was written in 1993 and appeared in 1995.
A major goal of the authors in [28] was to define a convolution product of functionals on Wiener space in such a way that the FourierFeynman transform of the convolution product was equal to the product of the Fourier-Feynman transforms, i.e., to define (F * G)q in such a way that the equation
would hold under reasonable restrictions on F and G.
Another goal in [28] , as well as in [29 31] was to find useful classes of functionals satisfying equation (6.1). In particular, one needs to find conditions on F and G guaranteeing the existence of both (F * G) q and T 
for λ ∈ C + and (6.3)
for λ = −iq ∈ C ∼ + . When λ = 1, this definition agrees with the definition used by Bridgeman [3] . It is different than the definition used by Yeh [52] and Yoo [53] where, for λ = 1, they let
Next we describe the class of functionals A (p)
n studied in [28] . Let {α 1 , . . . , α n } be an orthonormal set of functions in
be the space of all functionals of the form (6.4) with f ∈ C 0 (R n ), the space of all bounded continuous functionals on R n that vanish at infinity. Note that F ∈ A 
3. Let F and G be elements of A
n . Then, for all real q = 0,
Let F ∈ A
(1) n and G ∈ A (2) n . Then, for all real q = 0, 
v(s) dx(s).
2 ). We define A to be the class of all functionals
In Section 4 of [30], Huffman, Park and Skoug showed that equation (6.1) holds for all F and G in A. In Section 3 they showed that (6.1) holds for all F and G in S. In addition, they established Parseval's relation (6.8)
In 
In [31], using ideas from [24], Huffman, Park and Skoug defined a generalized Fourier-Feynman transform (also denoted by T (p) q (F )) and a generalized convolution product by replacing equations (5.1) and (6.2) above with the equations
respectively, where, for h ∈ L 2 [0, T ], the Gaussian process
has mean zero and covariance function a(min{s, t}) with
Then for two classes of functionals on C 0 [0, T ], they showed that the generalized transform of the generalized convolution product is a product of their generalized transforms. In addition, they obtained Parseval's relation
In [33], Huffman, Skoug and Storvick, using a general Fubini theorem from [32] , established several Feynman integration formulas involving Fourier-Feynman transforms. The conditions they put on each functional F are very minimal; namely, that 
and, under the additional assumption that F is a continuous functional,
q (F ) [11] . Among several results in [43], Lee showed that F α,β (E a ) = E a and that
for all F in E a if and only if 
In [16] , Chang, Kim and Yoo using the integral transform (7.3) and the convolution product, see equation (4.5) above, defined for y ∈ [B] by the formula
generalized the results of Yeh [52] and Yoo [53] . In particular, for F and G in E a , they showed that
.
Among several results in [44], Lee showed that Plancherel's relation
holds if and only if α 2 + β 2 = 1 and |β| = 1.
In [37] , Kim and Skoug obtained a necessary and sufficient condition that a functional F in L 2 (C 0 [0, T ]) has an integral transform
We finish this section by noting that the conditions placed on F are quite different in [43, 52] and [53] than they are in papers [11, 28, 29] and [35] . In the notation of [11, 28, 29, 35] , Lee [43] , Yeh [52] and Yoo [53] require F (x + λy) to be an entire function of λ over C for each x and y in C 0 [0, T ], whereas in [11, 28, 29, 35] , F isn't even required to be a continuous function. But, on the other hand, in the Fourier-Feynman theory, [11, 28, 29, 35] , the expression
is required to be an analytic function of λ over C + . Thus, in both approaches, an analyticity condition is required.
Transforms, convolutions and first variations.
In Sections 8 and 9 we will simplify matters somewhat by writing T q (F ) in place of T (p) q (F ), T (2) q (F ) and T (1) q (F ) for all q ∈ R − {0}. Also, all of the functionals involved are assumed to be s.i.m. and all of the formulas involving y are assumed to hold for s-a.e. y ∈ C 0 [0, T ].
We first give the definition of the first variation of a functional on Wiener space [6, 15] . Let F be a Wiener measurable functional on
if it exists, is called the first variation of F (x). Also let
In [50] , for the space S, see equation (6.7) above, Park, Skoug and Storvick examined the various relationships that occur among the first variation δF (x|w), the Fourier-Feynman transform T q (F ) and the convolution product (F * G) q . In Section 3 they studied the various relationships involving exactly two of the three concepts of transform, convolution and first variation. In Section 4 they examined the relationship involving all three concepts but where each concept is used exactly once. These are more than six possibilities since one can take the transform, and the convolution with respect to either the first or the second argument of the variation. It turns out that there are nine distinct possibilities. below we give three of the many formulas from [50] . For w ∈ A,
and
Included among the results of [45] is the following integration by parts formula for Fourier-Feynman transforms:
for w ∈ A and appropriate F and G.
In [49] , the authors found formulas for T q (F n ) where
where F ∈ S and where w 1 , . . . , w n are elements of A. In 
While some of the results in [38] are quite similar to those in [50], many are quite different. For example, for F , and G, of the form (8.6) with appropriate f , and g,
and T (r)
where 1/r = 1/p 1 + 1/p 2 − 1.
In [21], Chang and Skoug examined the effects that a "drift b(t)" has on the various relationships that occur among the Fourier-Feynman transform, the convolution product and the first variation for various functionals on Wiener space. with Z(x, t) given by equation (6.9) above. Note that the Wiener process W (x, t) = x(t) is free of drift and is stationary in time, the process Z(x, t) is free of drift and is nonstationary in time, while the process X b (x, t) is subject to the drift b and is nonstationary in time. Below for F and G in S, b and w in A and h ∈ L ∞ [0, T ], we list a few of the formulas from [20] relating the first variation, the transform with drift and the convolution product with drift. Note that all of the transforms and convolutions that appear on the lefthand sides of the equations below involve the drift, b, while all of the transforms which appear on the righthand sides are transforms without drift:
b T q (δF (·|w))(y) = δT q (F )(y + b|w), and b T q b (δF (·|w) * δG(·|w)) −q (y) =δT q (F )
On page 636 of [34] , Johnson and Lapidus give a brief discussion of the Fourier-Feynman transform, the convolution product and the first variation for functionals in the space S; see equation (6.7) above. , defined the concept of a generalized (see equations (6.9) and (6.10) above) conditional Fourier-Feynman transform T q (F |X)(y, η), and the concept of a generalized conditional convolution product ((F * G) q |X)(y, η). Then, under appropriate conditions on F and G, they showed that
Furthermore, they showed that if {η 1 , η 2 , η 3 , η} is in the solution set of the system η − √ 2 η 1 − η 3 = 0 η − √ 2 η 2 + η 3 = 0, involves the drift b = b(t) in six different places. In each place where a "b" occurs, one could either include it or not. Thus there are 2 6 = 64 possible cases of which 63 include the drift b. Below we list 2 of these 63 formulas:
